Abstract. This paper will focus on the relation between gauge-invariant energy density of gravitational field and electromagnetic field. After the brief review the history of finding the analogy between gravitation and electromagnetism, we recall the two different ways to remove the gauge degrees of freedom, Physical decomposition and gauge-fixing. Then, by using the gauge-fixing approach, we get the gauge-invariant energy density (Hamilton density) of gravitational field. By using the similar method into electrodynamics, we can also get the gauge-invariant energy density of electromagnetic field. Finally, while comparing with the two gauge-invariant energy density of gauge-invariant energy density of gravitational field and electromagnetic field, we find there is a similar electromagnetic energy density does appear in gravitational field. The amazing conclusion is that although the rotating electric charge with constant speed can produce static magnetic field energy, the rotating mass with constant speed cannot produce any similar "magnetic" energy in gravitational field. Only accelerated rotating mass can produce the similar "magnetic" energy, this is a peculiar property of gravitational field never reported before.
Introduction
Field theories form the present theoretical framework of our understanding the fundamental interactions of nature. In the quantum field theory, one interaction corresponds to a special field. The history of research the relation among the various interactions can be dated very early. The similarity between Newton's law of gravitation and Coulomb's law of electricity naturally led to a gravitoelectric description of Newtonian gravitation. Then, in the middle of the 19th Century, Maxwell's electromagnetic field theory unified the function of electricity and magnetism. It was the first unified theory of several interactions in history. At the beginning of 20 Century, Einstein had broken Newton's concept of the super distance in the theory of gravity, and introduced the theory of the field of gravity to create the theory of general relativity. After then, the enthusiasm research about unifying the gravitational field and electromagnetic field blow out. To some extent, it's because of Einstein believed that the nature has only one force, others forces are just different forms of the unify field force, and Einstein devoted his later half life to unify the gravitational field and electromagnetic field [1] . Now, we know that, since there are totally four fundamental fields, all attempts to only unify the electromagnetic field and the gravitational field cannot be successful. But the research on the similar relation between gravitational field and electromagnetic field are still continued.
In this paper, we will present the relation of energy density between gravitational field and electromagnetic field. As we know that static charge can produce static electric field, static mass (we can call it static gravity "charge") also can produce static gravitational field. How about the moving electric charge and gravity charge? One can use the corresponding energy-momentum tensor of electromagnetic field and gravitational field to solve this problem. Unfortunately, the energy-momentum tensor of gravitational field is still an unsolved problem for 100 years. Only recent years, we revisited this old problem through the physical decomposition of gravitational field [2] . Only after solving the gauge-dependent problem of energy density of gravitational field, we can do attempt to research the energy density relation between moving electric charge and moving gravity "charge".
Physical Decomposition and Gauge-fixing Condition of Gravitational Field
Gauge dependence of the gravitational energy originates exactly from the fact that the metric may contain a spurious gravitational effect. In Ref. [2] , the metric tensor g  is unambiguously decomposed into the sum of a physical termĝ  , which represents the true gravitational effect, and a pure geometric term g  , which represents the spurious gravitational effect associated with coordinate choice. Affine connection is also decomposed into physical part and pure geometric part: 
Here R (2) is called CZ decomposition in Ref. [2] .
In an accompanying paper [3] , we discuss gauge-fixing approach and find it is another possible way to remove gravitational gauge-dependence degrees, one special gauge is presented 1 0 2
No spurious gravitational effect can be alived in gauge condition Eq. (3). CZ decomposition is equivalent to gauge Eq. (4) in removing non-physical degrees of freedom of gravitational field [3] . In another paper [4] we extend the gauge Eq. (3) to so-called general transverse radiation gauge:
1 b  . We had proved that each choice of parameter a, b in Eq. (4) corresponds to one way of decomposition h  into a gauge-invariant part plus a pure-gauge part. Some special choices of a, b are particularly interesting and be detail discussed in Ref. [4] , like CZ ( 
Gauge-invariant Energy Density of Gravitational Field.
There are two ways to get the energy density of gravitational field, one is to use the energy-momentum tensor of gravitational field, and the other one is to use the field theory of Hamilton density. As we had claimed in first section, till now, the energy-momentum tensor of gravitational field The Lagrangian density of gravitational field couples to an external conserved source ()
Given the Lagrangian, we can proceed to construct the canonical Hamilton of gravitational field
is the momentum conjugate of h  . The momentum conjugates are 00 0 0 00 0 
When casting Eq. (4) and Eq.(5) into the equations for Eq. (9), the final gauge-invariant canonical Hamilton of GF can be written as following form 
Here superscript (ab) means the calculation are doing in general transverse gauge Eq. (4), and Eq. (11) is the gauge-invariant Hamilton quantity of gravitational field we want to get.
Gauge-invariant Energy Density of Electromagnetic Field.
To understand better the canonical Hamilton of GF under "general transverse gauge" Eq. (4), it is helpful to recall the parallel procedure of canonical Hamilton of vector field (electrodynamics). Given the Lagrangian of vector gauge field A  couples to external electric fluid source j
We can get the Hamilton quantity
The superscript 
Eq. (14) tells us something already known, jj AA  denotes electromagnetic radiation energy density, 
Similar Static Magnetic Energy Density of Gravitational Field
When comparing Eq. (11) may contribute some energy in radiation system is still an exciting conclusion.
Summary
In this paper we have carefully shown that, after solving the gauge-dependent problem of gravitational field by physical decomposition and gauge-fixing way, the gauge-invariant energy density (Hamilton density) of gravitational field can be reasonable constructed by our way. Comparing with the electromagnetic field, we find something interesting presented in the following Table 1 . The amazing conclusion is that although the rotating electric charge with constant speed can produce static magnetic field energy, the rotating mass with constant speed cannot produce any similar "magnetic" energy in gravitational field. Only accelerated rotating mass can produce the similar "magnetic" energy, and this peculiar property of gravitational field never reported before. 
